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The condition of phase matching prohibits the transfer of excitation from free-space photons to
surface plasmon polaritons (SPP). We propose and analyze a scheme that excites an ensemble of
emitters in a collective state, which is phase matched with the SPP by the optical pulses used for
its preparation. By a collective enhancement the ensemble, hence, emits an SPP in a well defined
direction. We demonstrate the scheme by analyzing the launching of near-infrared graphene SPP.
Our theory incorporates the dispersive and dissipative properties of the plasmon modes to evaluate
the non-Markovian emission by the ensembles and will also be applicable for other types of surface
polaritons.
Surface plasmon polaritons (SPPs) are electromag-
netic modes confined at metal-dielectric interfaces [1]
or near two-dimensional materials such as graphene [2].
SPPs have dispersion relations different from the ones
of free space photons. This difference, occurring also
for phonon polaritons [3–6], exciton polaritons [7, 8] and
surface polaritons in heterostructures [9, 10], leads to a
wavenumber mismatch and prevents their effective pro-
duction by conversion from free-space photons. To close
the mismatch and launch SPPs, conventional methods
use prisms within the Otto configuration [11] or the
Kretschmann configuration [12] to shorten the photon
wavelength, or they equip the SPP dispersion relation
with band structure by using grating couplers [13], or
lengthen the SPP wavelength with an atomic gas medium
[14]. The excitation of graphene SPP is more challenging
because the wavelength of graphene SPP (THz to near-
infrared regimes) is two orders of magnitude smaller than
that of free-space light of the same frequency [15]. Spe-
cial techniques use scattering resonances of nanoantennas
[16–19] or near-field sources [20, 21], and optical methods,
based on the intrinsic nonlinear interaction of graphene
with light [22], have realized launching of graphene SPPs
in THz to mid-infrared regimes.
In this Letter, we will investigate the prospects of SPP
launching by an emitter ensemble. A single localized two-
level quantum emitter may, indeed, absorb an optical
photon and subsequently emit an SPP by spontaneous
emission [23–25]. For a point source there is no issue of
wavenumber mismatch, but also no control of the direc-
tionality of the launched SPP. Excitation of SPP with
a single wavenumber and direction is vital for many ap-
plications [16, 26–32]. Our proposal applies a train of
pi-pulses to write a wave vector into the phase of the
spin wave excitation of the emitter ensemble, which is
phase matched with the SPP with the desired direction-
ality (determined by the wave vectors of the pi-pulses).
While we will demonstrate the scheme for a near-infrared
graphene SPP, the theory works for a broad range of
SPPs and will be applicable also to other surface polari-
tons [3–10].
When a photon is absorbed by a single emitter, the
information of its wave vector is lost and has no impact
on following emission processes. However, if the photon
is uniformly absorbed by an ensemble of N emitters, its
wave vector k is recorded by the emitters in the phases
of the so-called timed-Dicke state [33],
|ψk〉 = 1√
N
N∑
a=1
eik·ra |sa〉
⊗
b 6=a
|gb〉, (1)
where |g〉 is the emitter ground state, |s〉 is an excited
state, and ra is the position of the ath emitter. In anal-
ogy with single-photon superradiance [34] if |s〉 couples
to the SPP field, spontaneous emission from |ψk〉 gen-
erates a polariton excitation with wave vector ' ~k and
energy ' ~ωsg = Es−Eg [33]. Directional SPP launching
based on this process is possible only if |ψksp〉 is prepared
FIG. 1. Scheme for preparation of an SPP phase matched
timed-Dicke state. (a) Raman excitation of one of the emitters
into the excited state |e〉, using uniform optical illumination
perpendicular to the surface. (b) Illumination by a train of
pi-pulses on the |s〉 ↔ |e〉 transition, driving the emitters to
the target timed-Dicke state |ψksp〉.
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2with the appropriate SPP wave vector ksp, such that the
SPP frequency ωksp = ωsg. This can be accomplished by
Raman processes via a third atomic level |e〉, see Fig. 1.
Preparation of |ψksp〉-We consider the simple case
where SPPs are confined to an infinite plane interface,
above which a parallel thin layer of emitters is deposited.
The preparation of |ψksp〉 proceeds by two steps.
1. A single quantum is uniformly absorbed by a Ra-
man process |g〉 → |e〉 transition, e.g., following the
heralded scheme [33, 34] (the case of more excita-
tions is discussed below). Applying optical fields
propagating perpendicular to the emitter layer, see
Fig 1(a), the collectively shared excitation has no
phase variation across the ensemble.
2. A train of (2np + 1) pi-pulses resonant with the |e〉-
|s〉 transition bounces the state amplitude of the
emitters back and forth between |e〉 and |s〉, while
the in-plane wave-vectors k1 or k2, see Fig. 1(b),
cause accumulation of a wave vector that we design
to satisfy the equality −(np + 1)k1 + npk2 = ksp.
The combination of these processes produces the desired
timed-Dicke state |ψksp〉 [35]. For schemes based on emis-
sions from |ψksp〉, two apparent contradictory require-
ments must be addressed: To make the superradiant
emission dominate the incoherent emissions, the ensem-
ble should be optically thick for the emitted mode [36–
38], while the presumed uniform optical excitation re-
quires the ensemble to be optically thin during the state
preparation [39]. We can indeed satisfy both conditions
simultaneously: The optical processes are either driven
orthogonally to the thin emitter ensemble or they act on
only a single emitter population (of states |e〉 and |s〉),
thus the system is optically thin. The emission modes
here are SPP modes propagating parallel to the emitter
layer, and the SPP-emitter interaction is collectively en-
hanced by the large number of atoms in the final internal
state |g〉. Thus, the system may be optically thick upon
emission.
The state |e〉 is coupled to |g〉 by a two-photon Raman
process, and the collectively shared excitation in |e〉 may
hence be stable against spontaneous decay to the atomic
ground state |G〉 = |g1, g2, · · · gN 〉. During Step 2, un-
til we have completed the pulse train, the intermediate
timed-Dicke states |ψ−(n+1)k1+nk2〉 (n < np) have en-
ergy ~ωsg but wavenumber smaller than ksp while larger
than the free-space resonant wavenumber ωsg/c. These
intermediate states may be protected from decaying and
emitting to SPP or free-space fields due to the wave num-
ber mismatch. Thus our scheme works if the intermedi-
ate state lifetime supplies enough time window for the
pi-pulses.
The length of the pulse train depends on the ratio be-
tween the wavelength of optical photons (λes) and the
SPP wavelength (λsp), 2np + 1 ' λes/λsp. For the
values of λsp, graphene SPP may serve as an example.
Graphene SPPs are distinguished by their tight confine-
ment and long lifetime, and by their high tunability via
electrostatic gating [2, 15]. For SPPs with frequency
~ω < 2Ef [40] where Ef ≤ 1eV is the Fermi energy,
the graphene surface conductivity is approximated by
the Drude conductivity: σg(ω) ≈ i e2pi~2Ef/(ω + iτ−1D ).
The value of τD currently available in experiments is
0.5 ps [10], while it may intrinsically reach values of 102 ps
[41]. Supposing for simplicity a vacuum below and above
the graphene monolayer, the dispersion relation of the
p-mode graphene SPP is ωsp =
√
2αcEfksp/~, where
α ≈ 1/137 is the fine-structure constant. Supposing
Ef = 0.5 eV, then for ~ωsp ∈ [0.01 eV, 1 eV] [41] λsp
ranges from 90 µm to 18 nm.
For optical pulses λes ∈ [380 nm, 750 nm], the num-
ber of pulses 2np + 1 ' λes/λsp < 50 and even a single
pulse is sufficient for low-energy SPPs with λsp > λes.
We can drive the optical pi-pulses on the time scale of
nanoseconds using pulse powers that are far from dam-
aging graphene [42] and other surface polariton systems.
The validity of this scheme replies on details of the
collective emitter-SPP coupling to be analyzed in the fol-
lowing. We will first focus on the emission from |ψksp〉.
Then we will study the decay of the intermediate states,
which should be suppressed in order to successfully pre-
pare |ψksp〉. Our analysis will clarify the proper regime
for the experimental parameters.
Emitter-SPP Coupling-To study the emission from the
prepared state |ψksp〉, we now turn to the coupling to the
dispersive and dissipative electric field quantized as [43–
45]
E(ra) = iµ0
√
~0
pi
∫ ∞
0
dω˜
∫
d3r′ω˜2
√
=(r′, ω˜)
×G(ra, r′, ω˜) · f(r′, ω˜) + h.c.,
(2)
where µ0 and 0 are the vacuum susceptibility and per-
mittivity; =(r′, ω˜) is the imaginary part of the relative
permittivity; G(r, r′, ω˜) is the dyadic Green’s tensor de-
termined by Maxwell’s equations, and the field f(r′, ω˜)
with three Cartesian operator components fj obeys the
bosonic commutator relations [fj , fk] = 0, [f†j , f
†
k ] = 0
and [fj(r1, ω˜1), f†k(r2, ω˜2)] = δjkδ(r1 − r2)δ(ω˜1 − ω˜2).
The Hamiltonian is written as H =
∑N
a=1[ 12~ωsgσza −
σxada ·E(ra)] +
∫
d3r′
∫∞
0 dω˜ ~ω˜f
†(r′, ω˜)f(r′, ω˜) where da
is the dipole of the |ga〉-|sa〉 transition, σza = |sa〉〈sa| −
|ga〉〈ga| and σxa = |sa〉〈ga|+ |ga〉〈sa|. Here and through-
out, ~ = 1. We shall use the rotating-wave approxima-
tion and study the evolution based on the ansatz written
with time-dependent amplitudes αa and βa(ω˜, r′):
|Ψ〉 =
N∑
a=1
αa|sa,∅〉
⊗
b 6=a
|gb〉+
∫
j,ω˜,r′
βj(ω˜, r′)|G, 1j,ω˜,r′〉
(3)
3where |∅〉 is the field vacuum state, |1j,ω˜,r′〉 =
f†j (r′, ω˜)|∅〉 and
∫
j,ω˜,r′ is the short hand for∑
j
∫
dω˜
∫
d3r′. The strength of the emitter-emitter
coupling mediated by all environmental modes
gab(ω˜) =
µ0
pi
ω˜2da ·G(ra, rb, ω˜) · db (4)
has the symmetry gab(ω˜) = gba(ω˜). Due to the in-plane
translation symmetry (we assume that the dipoles of the
emitters are identical)[1], gab(ω˜) can be expanded in the
wave number representation
gab(ω˜) =
∫ d2kq
(2pi)2 gza,zb(ω˜,kq)e
ikq·(ra−rb), (5)
where the subindex “za, zb” indicates the emitter heights
above the interface. For a thin emitter layer, we approx-
imate all the emitter z-coordinates by a single value zat,
and we thus express gza,zb(ω˜,kq) as gzat(ω˜,kq).
Similarly, the excitation amplitudes of the individual
emitters defined in Eq. (3) can also be transformed into
wave number representation, i.e., αkq(t) = 〈ψkq ,∅|Ψ(t)〉,
which follows the equation
−∂tαkq(t) = N
∫
d2qq
(2pi)2
∫
ω˜
=gzat(ω˜,qq)ζ(kq,qq)
×
∫ t
0
dταqq(τ)e−i(ω˜−ωsg)(t−τ)
(6)
where = denotes the imaginary part and
ζ(qq,kq) = 〈ψqq |ψkq〉 (7)
is a geometry factor which quantifies the sharpness of the
phase matching condition given the spatial distribution
of the emitters. If N  1 and the emitters are for ex-
ample distributed independently according to a Gaussian
distribution with width L, ζ(kq,qq) = e−L
2(kq−qq)2/2.
The factor of N in Eq. (6) demonstrates the effect
of collective enhancement. The collective Lamb shift of
state |ψksp〉 should be considered unless it is smaller than
the line width of the SPP mode. For completeness, we
provide the expressions for the collective Lamb shift in
the Supporting Information.
Evolution of |ψksp〉-To analyze the evolution described
by Eq. (6), we shall start from the initial state |ψksp ,∅〉
and focus on the state amplitude αksp(t). |ψksp〉 reso-
nantly matches the SPP with frequency ωsg while phase-
matched photon modes are off-resonant. Thus we may
consider only the coupling to a range of SPPs. We use
ωkq and γkq to denote the frequency and damping rate
of the SPP with in-plane momentum kq. They are de-
termined by the position of the pole of gz,z′(ω˜,kq) in the
complex ω˜ plane [1]. Keeping only the contribution from
the poles leads to a Lorentzian type expression
=gz,z′(ω˜,kq) ≈
Az,z′(kq)γkq
(ω˜ − ωkq)2 + γ2kq
, (8)
where Az,z′(kq) is fixed by the residue of gz,z′(ω˜,kq) at
the pole ω˜ = ωkq − iγkq .
When ζ(kq,ksp) peaks sharply at kq = ksp, the distri-
bution of the emitter excitation is centered at |ψksp〉 so
that αkq(t) ≈ 〈ψkq |ψksp〉〈ψksp ,∅|Ψ〉 = αksp(t)ζ(kq,ksp).
This approximation makes it possible to obtain a closed
equation of evolution for αksp , which, with the Gaussian
distribution of emitters and the corresponding geometry
factor, is written as
− ∂tαksp = $2sp
∫ t
0
dτ αksp(τ)e−
v2sp
4L2 (t−τ)
2−γsp(t−τ), (9)
where $2sp = N4L2Azat(ksp), and vsp = ∇kqωkq |kq=ksp is
the SPP group velocity. Unlike the case of free-photon
superradiance [46], here the finite SPP lifetime due to
Ohmic damping must be considered. We assume the SPP
decay rate as a constant γkq = γsp. For the Drude model
of graphene mentioned above, γsp = 0.5 τ−1D . See the
Supporting Information for the derivation of Eq. (9).
The solution to Eq. (9) behaves as damped oscilla-
tions or pure decay depending on the interplay between
three parameters, viz., $sp, γsp and vsp/L. The damped
oscillation regime appears when $sp, which is roughly
the frequency of the oscillation, dominates the other two
parameters. To understand this condition, note that the
oscillation refers to the periodical absorption and ree-
mission of the single-SPP pulse. This process is possible
only until the propagating pulse leaves the ensemble at
t ' L/vsp or has been absorbed by the material due to
Ohmic loss at t ' γ−1sp . In Fig. 2(a) we show the solution
of Eq. (9) as function of time for different values of the
finite duration L/vsp of the SPP pulse propagation in the
emitter ensemble. Figure 2(b) shows the similar results
when the damping is mainly determined by the finite
SPP lifetime, γ−1sp . Both plots of Fig. 2 confirm the role
of $sp as oscillation frequency. In the pure decay regime
($sp < γsp, vsp/L), we obtain the Markov approximation
by assuming αksp(τ) = αksp(t) in the right hand side of
Eq. (9). It yields the decay rate
Γc =
√
pi
$2sp
vsp/L
e
( γsp
vsp/L
)2erfc( γsp
vsp/L
). (10)
FIG. 2. Evolution of αksp(t) determined by Eq. (9). (a) $sp
and λsp are fixed while vsp/L is varied. (b) vsp/L and γsp are
fixed while $sp is varied.
4FIG. 3. P (kq, ωsp)/P (ksp, ωsp) for graphene SPPs when
ωsp = Ef = 0.5 eV, τ = 1 ps, emitter-graphene distance
zat = 10 nm, ensemble size (a) L = 103 nm; (b) L = 102 nm.
ksp is set to along yˆ-direction. The unit of the wave number
is ksp of which the SPP wavelength is λsp = 36.2 nm.
This expression verifies our observations in Fig. 2, e.g.,
that larger $sp and vsp/L result in faster decay. When
vsp/L can be neglected, Γc ≈ $2sp/γsp < γsp.
Both the damped oscillation and pure decay regimes
are achievable in experiments. With realistic param-
eters ωsg = Ef = 0.5 eV, the SPP group velocity is
roughly vsp = 10−2c. so that for L ≥ 1µm, vsp/L ≤
1012 Hz = γsp. For emitter vacuum decay rate 102 MHz
(governed by the transition dipole moment), emitter-
graphene distance zat = 10 nm and emitter number den-
sity nat = N/L2 = (0.1/nm)2, the damped oscillation
regime is reached with $sp ≈ 1014 Hz  γsp, vsp/L,
see Methods. The pure decay regime can be realized
by larger distance zat, lower density nat, or a smaller
transition dipole moment.
Directionality of the emitted SPP- The amplitudes
βj(ω˜, r′) defined in Eq. (3) can be transformed into wave
number representation βj(ω˜,kq, z′). Although exact so-
lutions are not accessible, we may assume a uniform de-
cay ansatz αa(t) = αa(0)e−γt, with which the electro-
magnetic frequency-wave number excitation distribution
P (kq, ω˜) ≡
∫
dz′
∑
j |βj(ω˜,kq, z′)|2, is
P (kq, ω˜) =
N=gzat(ω˜,kq)|ζ(ksp,kq)|2
γ2 + (ω˜ − ωsg)2 . (11)
Both the pole structure of gz(ω˜,kq) and the geometry
factor ζ(ksp,kq) in this formula guarantee the emission to
peak sharply at kq = ksp. The ratio between P (kq, ωsp)
and the peak value P (ksp, ωsp) is depicted in Fig. 3.
The figure confirms that the larger ensemble size leads
to stronger directionality.
Evolution of Intermediate States-Now we turn to the
intermediate states |ψqn〉 that may be populated for
nanoseconds during Step 2 in the preparation of |ψksp〉,
where qn = −(n + 1)k1 + nk2 (0 ≤ n < np). Since
ωes > ωsg and ωsg/c < qn < ksp, the photon and SPP
modes matching the wave vector qn ' (2n+ 1)ωes/c are
not resonant with ωsg. We denote the two detunings as
∆n = ωsg − ωqn and ∆(0)n = cqn − ωsg, respectively. For
ωes in the optical regime and graphene SPP frequency
ωsg at most in the near-infrared, ∆(0)n  ∆n (∆(0)n ranges
from optical to ultraviolet frequencies) thus we can disre-
gard the coupling to free-space photons. Then the equa-
tion of evolution for αqn(t) resembles Eq. (9) but with
the replacement γsp → γsp + i∆n and $sp, vsp should
be defined by the wave vector qn (see the Supplemental
Material for the full formulae). In the damped oscilla-
tion regime, we illustrate the solution to |αqn | in Fig.
4. It shows that compared with the phase-matched case
(∆np = 0), the intermediate states have longer lifetime,
especially when $sp is smaller.
In the pure decay regime, the Markov approximation
yields the decay rate of |ψqn〉,
Γqn =
$2sp
γ2sp + ∆2n
γsp, (12)
where we have omitted terms of order vsp/L that are
dominated by γsp in a large ensemble. Since γsp is the
uncertainty of the SPP frequency, in practice we would
require ∆n  γsp. For near-infrared graphene SPP with
~ωsp = Ef = 0.5 eV and wavelength λsp = 36.2 nm,
supposing optical pulse wavelength λes = 500 nm, 15
pulses are sufficient to prepare |ψksp〉 and ∆n ≥ ∆np−1 ≈
0.035 eV ≈ 10γsp for all intermediate states |ψqn〉 with
n < np. Equation (12) implies that when $sp < 0.1γsp,
|ψqnp−1〉 has a lifetime longer than 104γ−1sp = 10 ns, allow-
ing its population for ≤ 1 ns during the last two pi-pulses
required to prepare |ψksp〉.
In the damped oscillation regime, however, the lifetime
of the intermediate states may be too short to facilitate
the preparation of |ψksp〉. In this case, we may employ
another metastable emitter level |s′〉 which disallows the
direct |s′〉-|g〉 transition. The SPP wave number is then
accumulated with the |e〉-|s′〉 transition and a final pulse
moves the collective excitation from |s′〉 to |s〉 to obtain
|ψksp〉.
Conclusions and Discussions-We have proposed to pre-
pare an emitter ensemble into collective states that match
the wave vector of surface plasmon polaritons and hence
directionally emit SPPs via polariton superradiance. The
directionality has high tunability, i.e., the direction is
determined simply by the wave vectors of the pi-pulses
used in the preparation of the timed-Dicke states. We
FIG. 4. Evolution of |αqn(t)| of the intermediate states with
varying values of ∆. vsp/L = 0.1 γsp, (a)$sp = 10 γsp,
(b)$sp = 2 γsp.
5studied the evolution of the collective emitter excitation
and showed that the intermediate states have lifetime
long enough to implement the required pulses sequence.
With the Drude model parameters of graphene SPP in
the near-infrared regime, we predict excellent directional-
ity of launching. Our main general formalism also applies
to other families of surface polaritons [3–10].
In the end, we emphasize that the requirement of only
a single excitation in the timed-Dicke state can be re-
leased to the low-excitation regime. In this regime, the
spin operators can be approximated with bosonic ladder
operators σ−a → bˆa. We can translate them into momen-
tum representation by bˆqq = 1√N
∑N
a=1 bˆae
−iqq·ra with
[bˆqq , bˆ
†
kq ] = ζ(qq,kq) ≈ δqq,kq , The weak coherent state
amplitudes then obey similar equations as the single ex-
citation amplitudes in Eq. (3) [47]. For a system with in-
homogeneous broadening, for example, doped rare-earth
ions in crystals, the pi-pulses should be implemented in a
more sophisticated way [48]. The influence of inhomoge-
neous broadening and dephasing on phase coherence has
been studied in other contexts [49] while the effect on
the SPP emission may be minor because SPP modes al-
ready have broad bandwidth in the range of THz. Besides
the applications of directional SPPs [16, 26–32], our re-
sults may also facilitate interfaces between photonic and
plasmonic systems for quantum information processing
[24, 50]. Other phenomena related to single-photon su-
perradiance, such as superradiance amplification [51] and
superradiance lattice [52], may also be investigated in
surface polariton systems based on our scheme for timed-
Dicke states.
METHODS
The surface conductivity of the graphene monolayer
given by the Drude model is
σ(Ef , τ ; ω˜) =
e2Ef
pi~2
i
ω˜ + iτ−1D
. (13)
This expression is convenient for our analysis when the
temperature is low and ~ω˜ < 2Ef . For the graphene
layer, the Fresnel coefficient of reflection of the p-modes
is
rp(ω˜,qq) =
σ(ω˜)qz
2ω˜0 + σ(ω˜)qz
, (14)
where qz =
√
ω˜2/c2 − q2q and for graphene SPPs qz ≈ iqq
[15]. In the above expression, we have assumed that the
dielectrics above and below the graphene monolayer are
vacuum.
When the emitters are polarized perpendicular to the
graphene layer, only one element of the scattering part
of the dyadic Green’s tensor is relevant, which yields the
coupling strength
gz,z′(qq, ω˜) =
i
2pi0qz
|d|2q2q rp(ω˜,qq)e−qq(z+z
′), (15)
The poles that define the SPP are given by the equation
ω˜(ω˜ + iτ−1D ) = 2αcEfqq/~, (16)
where α ≈ 1/137 is the fine structure constant. Solutions
of the above equation imply that ωqq =
√
2αcEfqq/~ and
γqq = 0.5 τ−1D when ωqq  γqq . Indeed, if the condition
ωqq  γqq is not satisfied, the Drude model conductivity
should be replaced with more advanced expressions to
yield well-defined SPPs.
The residue of rp at the pole ω˜ = ωqq − iγqq is 0.5ωqq ,
and Az,z′(qq) defined in Eq. (8) of the main text is given
as
Az,z′(qq) =
3~γ0
4ω3sg
c3ωqqqqe
−qq(z+z′), (17)
where we have used the vacuum spontaneous emission
rate γ0 to express the transition dipole.
For Ef = 0.5 eV, the SPP wave number is qsp =
0.174 nm−1 when ~ωsp = 0.5 eV. Suppose that the
distance between the emitter layer and the graphene
layer is zat = 10 nm. Then we obtain Azat = 1.87 ×
1020γ0 (nm)2/s. For larger distance, e.g., zat = 20 nm,
Azat = 5.73× 1018γ0 (nm)2/s.
Supporting Information The supporting Information
contains the derivation of Eq. (9), details of the anal-
ysis of intermediate timed-Dicke states dissipation, and
the collective emission rate and the Lamb shift.
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SUPPLEMENTAL MATERIAL
In the Supplemental Material, we shall present the
derivation of Eq. (9) of the main text, details of the
analysis of intermediate timed-Dicke states dissipation,
and the collective emission rate and the Lamb shift.
A. Derivation of Eq. (9) of the Main Text
The equations of evolution for the amplitudes intro-
duced in Eq. (3) of the main text are
− i∂tαa =
∫
j,r′,ω˜
gj(ra, r′, ω˜)βj(r′, ω˜)e−i(ω˜−ωsg)t, (S.1)
6and
− i∂tβj(r′, ω˜) =
N∑
a=1
αag
∗
j (ra, r′, ω˜)ei(ω˜−ωsg)t. (S.2)
Substituting Eq. (S.2) into Eq. (S.1) yields
−∂tαa(t) =
∑
b
∫ ∞
0
dω˜=gab(ω˜)
∫ t
0
dταb(τ)e−i(ω˜−ωsg)(t−τ).
Then we go to the wave number representation and as-
suming the Gaussian distribution of the emitters as pre-
sented in the main text:
−∂tαksp(t) = N
∫
d2qq
(2pi)2
∫
dω˜=gzat(ω˜,qq)e−
L2
2 (qq−ksp)2
×
∫ t
0
dταqq(τ)e−i(ω˜−ωsg)(t−τ)
(S.3)
We substitute the approximation of gzat(ω˜,qq) intro-
duced in Eq. (8) of the main text so that the integral
over ω˜ becomes∫ ∞
0
dω˜ =gzat(ω˜,qq)e−i(ω˜−ωsg)(t−τ)
≈piAzat(qq)e−i(ωqq−iγqq−ωsg)(t−τ).
(S.4)
Then we substitute αqq ≈ αkspζ(qq,ksp) and perform the
integral over the in-plane momentum qq. We expand the
expression as function of the surface plasmon frequency
around this peak and get the approximation that∫
d2qq
(2pi)2piAzat(qq)e
−L2(qq−ksp)2−i(ωqq−iγqq−ωsg)(t−τ)
≈piAzat(ksp)
∫
d2pq
(2pi)2 e
−L2p2q−i[pq·vsp−iγksp ](t−τ),
where we have made the substitution qq → pq = qq−ksp,
and the surface plasmon frequency is expanded at qq =
ksp. The integral over pq can be written as∫
pqdpqdθ
(2pi)2 e
−L2p2q−(ivsppq cos θ+γsp)(t−τ)
= 14piL2 e
− v
2
sp
4L2 (t−τ)
2−γsp(t−τ),
(S.5)
where we have assumed a constant SPP loss rate γsp.
Then we get Eq. (9) of the main text.
B. Dissipation of the Intermediate Timed-Dicke
States
For the initial emitter state |ψk0〉 with k0 6= ksp, the
SPP channel may or may not dominate the emission into
photon free-space photon modes. The coupling strength
to the free-space photon modes is
g0(ω˜,qq) =
d2
pi0
i
2qz
q2q
where qz =
√
ω˜2/c2 − q2q , and we require that =qz ≥
0. The subsequent calculation follows the outline of the
previous section.∫ ∞
0
dω˜ =g0(ω˜,qq)e−i(ω˜−ωsg)(t−τ)
=− i c40d
2q2qH
(2)
0 [cqq(t− τ)]eiωsg(t−τ),
(S.6)
where H(2)0 is the zero-order Hankel function of the sec-
ond kind. To implement the integral over qq, we write
H
(2)
0 (x) = H˜
(2)
0 (x)e−ix making use of the asymptotic be-
havior of Hankel functions. We fix the slowly varying
part H˜(2)0 (x) by its value at qq = k0 and integrate only
the fast oscillating phase factor e−ix. This yields∫
d2qq
(2pi)2 e
−L2(qq−k0)2q2qH
(2)
0 [ω0qq(t− τ)]eiωsg(t−τ)
≈ k
2
0
4piL2 H˜
(2)
0 [ck0(t− τ)]e−i∆0(t−τ)−
c2
4L2 (t−τ)
2
.
(S.7)
where ∆0 = ck0−ωsg. Meanwhile, the contribution from
SPPs, Eq. (S.5), will acquire an additional off-resonant
factor,
Eq.(S.5)→ 14piL2 e
− v
2
sp
4L2 (t−τ)
2−(γsp−i∆)(t−τ). (S.8)
where ∆ = ωsg − ωk0 is the detuning between the SPP
with momentum k0 and the emitter excitation. The final
equation for the amplitude αk0 is
−i∂tαk0(t) = −i$20
∫ t
0
dτ αk0(τ)H˜
(2)
0 [ck0(t− τ)]
× e−i∆0(t−τ)− c
2
4L2 (t−τ)
2
+$2sp
∫ t
0
dτ αk0(τ)e−
v2sp
4L2 (t−τ)
2−(γsp−i∆)(t−τ),
(S.9)
where $20 =
Ncd2k20
(4pi)20L2 .
C. Collective Emission Rate and Lamb Shift
Our ansatz for the quantum state goes beyond the
rotating-wave approximation and is more general than
Eq. (3) of the main text. With additional terms in the
three-excitations manifold, the ansatz is written as
|Ψ〉 =
N∑
a=1
αa|sa,∅〉
⊗
b6=a
|gb〉+
∫
j,ω˜,r′
βj(ω˜, r′)|G, 1j,ω˜,r′〉
+
∑
(a,b)
∫
j,ω˜,r′
ξab,j(ω˜, r′)|sa, sb, 1j,ω˜,r′〉
⊗
c6=a,b
|gc〉,
(S.10)
7where
∑
(a,b) means summation over pairs of a 6= b.
Equations for the time-dependent amplitudes of the
above ansatz are given as
−i∂tαa =
∫
j,r′,ω˜
gj(ra, r′, ω˜)βj(r′, ω˜)e−i(ω˜−ωa,sg)t+∑
b6=a
∫
j,r′,ω˜
ξab,j(r′, ω˜)gj(rb, r′, ω˜)e−i(ωb,sg+ω˜)t,
(S.11)
− i∂tβj(r′, ω˜) =
N∑
a=1
αag
∗
j (ra, r′, ω˜)ei(ω˜−ωa,sg)t, (S.12)
and
−i∂tξab,j(r′, ω˜) =αag∗j (rb, r′, ω˜)ei(ω˜+ωb,sg)t
+ αbg∗j (ra, r′, ω˜)ei(ω˜+ωa,sg)t.
(S.13)
In the above equations,
gj(ra, r′, ω˜) = iµ0
√
0=(r′, ω˜)
pi
ω˜2
∑
k
(da)kGkj(ra, r′, ω˜)
We can formally solve Eqs. (S.12) and (S.13) with van-
ishing initial values of βj(r′, ω˜) and ξab,j(r′, ω˜). The fol-
lowing relation will be used in the calculation:∫
j,r′
gj(ra, r′, ω˜)g∗j (rb, r′, ω˜)
= µ0
pi
ω˜2da · =G(ra, rb, ω˜) · db ≡ =gab(ω˜).
Within the Markov approximation, we obtain the equa-
tion for the amplitudes of the individual emitters:
−∂tαa(t) =αa(t)
∫
ω˜
=gaa(ω˜)ξt(ω˜,−ωa,sg)
+αa(t)
∑
b6=a
∫
ω˜
=gbb(ω˜)ξt(ω˜, ωb,sg)
+
∑
b 6=a
αb(t)
∫
ω˜
=gab(ω˜)ξt(ω˜,−ωb,sg)
+
∑
b 6=a
αb(t)
∫
ω˜
=gba(ω˜)ξt(ω˜, ωa,sg).
(S.14)
where
ξt(ω1, ω2) ≡ 1− e
−i(ω1+ω2)t
i(ω1 + ω2)
.
The first and the third lines in Eq. (S.14) come from the
“rotating wave” terms of the Hamiltonian, while the sec-
ond and the fourth lines are attributed to the “counter-
rotating wave” terms. Assuming ωi,sg = ωsg and taking
the long time limit
ξt(ω˜,−ωsg)→ −i
ω˜ − ωsg − i
ξt(ω˜, ωsg)→ −i
ω˜ + ωsg − i ,
Eq. (S.14) can be evaluated as
−∂tαa(t) =αa
[
pi=gaa(ωsg)− i
∫
ω˜
=gaa(ω˜)P 1
ω˜ − ωsg
]
− i(N − 1)αa
∫
ω˜
=gbb(ω˜)P 1
ω˜ + ωsg
+
∑
b 6=a
αb
[
pi=gab(ωsg)− i
∫
ω˜
=gab(ω˜)P 1
ω˜ − ωsg
]
,
− i
∑
b 6=a
αb
∫
ω˜
=gba(ω˜)P 1
ω˜ + ωsg
.
(S.15)
where P denotes the principal value integral and we have
assumed the translation symmetry, i.e., =gbb(ω˜) is iden-
tical for all b.
Next, we shall use the Kramers-Kronig relation
<gab(ωsg) ≡ µ0
pi
ω˜2da · <G(ra, rb, ω˜) · db
= 2
pi
P
∫ ∞
0
dω˜
ω˜
ω˜2 − ω2sg
=gab(ω˜).
After organizing terms from all four lines, we have
∂tαa(t) =ipi
N∑
b=1
αb(t)gab(ωsg)
+ i(N − 2)αa(t)
∫
ω˜
=gaa(ω˜) 1
ω˜ + ωsg
.
We translate the amplitudes into wave vector represen-
tation
αqq =
1√
N
N∑
a=1
αa(t)e−iqq·ra .
Then we obtain the equation for αqq ,
−i∂tαqq(t) = (N − 2)αqq(t)
∫ ∞
0
dω˜
=gaa(ω˜)
ω˜ + ωsg
+piN
∫ d2kq
(2pi)2 αkq(t)ζ(qq,kq)gzat(ωsg,kq).
(S.16)
Now we focus on qq = ksp. Substituting the approxima-
tion αkq = αkspζ(kq,ksp) into the above equation yields
−i∂tαksp(t) = (N − 2)αksp(t)
∫ ∞
0
dω˜
=gaa(ω˜)
ω˜ + ωsg
+piNαksp(t)
∫ d2kq
(2pi)2 |ζ(ksp,kq)|
2gzat(ωsg,kq).
(S.17)
The collective level shift δcωs and decay rate γc can be
8extracted from the above equation,
δcωs = −(N − 2)
∫ ∞
0
dω˜
=gaa(ω˜)
ω˜ + ωsg
− piN
∫ d2kq
(2pi)2 |ζ(ksp,kq)|
2<gzat(ωsg,kq),
(S.18a)
γc = piN
∫ d2kq
(2pi)2 |ζ(ksp,kq)|
2=gzat(ωsg,kq). (S.18b)
Then we focus on the collective level shift of the emitter
ground state |G〉. We assume the ansatz
|Φ〉 = β |G,∅〉+
∫
j,ω˜,r′
N∑
a=1
αa,j(ω˜, r′)|ea, 1j,ω˜,r′〉
⊗
b6=a
|gb〉,
(S.19)
and let β(t = 0) = 1. With the Markov approximation,
the equation of evolution for β(t) gives the collective en-
ergy shift of the atomic ground state
δcωg = −N
∫
ω˜
=gaa(ω˜) 1
ω˜ + ωsg
. (S.20)
The frequency shift between |ψksp〉 and |G〉 is given as
δcωs − δcωg.
For the collective Lamb shift of |ksp〉, we have to sub-
tract the the Lamb shift δωsg of the system with only a
single emitter, which can be obtained from Eqs. (S.15)
and (S.20) with N = 1:
δωsg = −
∫
ω˜
=gaa(ω˜)P 2ωsg
ω˜2 − ω2sg
. (S.21)
The collective Lamb shift of the single-SPP superra-
diance, ∆cωsg, is hence determined from Eqs. (S.18a),
(S.20) and (S.21) as
∆cωsg = δcωs − δcωg − δωsg. (S.22)
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